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INTRODUCTION

Electrostatic models for the evaluation of the capacitance and charge distribution of various geometrical shaped metallic objects
have been widely studied. Harrington (1993) analyzed the capacitance of a cylinder with finite height, dividing the cylinder into
sub-cylindrical sections, and dividing the sections into square sections again, and then employing the moment method. However,
he did propose an explicit expression for the capacitance and charge distribution of the cylinder. This technique is further
complicated to apply to the truncated cone. Work by Savage and Smith(1995) showed that when analyzing the above structures,
the assumption of axial charge distribution instead of surface charge distribution of the metallic structures was made, which is
valid only for cylinders of infinite length and does not converge for cylinders or truncated cones of finite length. In some works
(Das et al. 1995;Mehta et al. 2013; Das et al. 1997), analyzing the capacitance and charge distribution of the cylinder and
truncated cone structure, the structure was first divided into sub-cylinders with the same axial length, again these subsections were
divided into curvilinear rectangular subsections and then the numerical results were obtained by the method of moments. These
resultswere considered for the case of a relatively large height-to-radius ration, and no study of a small height-to-radius ration has
been considered in recent works (Pal et al. 2020; Ubezio et al. 2023; Hanni et al. 2020; Abdelhamid et al. 2022; Fu et al. 2020). In
this paper, we deal with the truncated cone with a low height-to-radius. We divide the side and bottom surfaces of the truncated
cone into sub annular sections and again divide the sub annular sections into curvilinear rectangles and analyze them. The total
system consists of a truncated cone with anannularbottom and a grounded metal plate at a distance from it. The unknown charge
distribution of the side and bottom surfaces of the truncated cone is expressed in the form of an integral equation relating the
potential function and the charge distribution. The expressions determining the matrix elements are established. The method of
moments based on the pulse basis function and point matching is used to calculate the capacitance and charge distribution in the
truncated cone surface. The calculated numerical results are compared with the experimental values.

Analysis: Fig. 1 shows the geometry of the metal plate and the structure of the truncated cone considered where Rypand R,are the
inner and outer radii of the bottom surface of the truncated cone, R,is the upper radius of the truncated cone, R; is the radius of the
metal plate, dis the distance betweenthe bottom surface of the truncated cone and the metal plate, and 4is the height of the
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Fig. 1. Structure of the truncated cone and the metallic plate

truncated cone. According to the electrostatic theory, the potential at any point in space is expressed by the superposition of the
potentials that all the elementary charges make at that point (Hwang et al. 2004), and so we have

O-l( ) J' 0-2(’7') dS’+J. 0'3(1”) d '

5 47r8|r - | > 47r8|17 - 17’| 3 47zg|r -

M

where 7 and 7' are the position vectors corresponding to observation and charge source points respectively, ds’ is an element area
on the side surface Sjof truncated cone, the bottom surfaceS, of the truncated cone, and the metal plate surfaceSs.c is the
permittivity between the truncated cone and the metal plate, ,(7'), o2( ¥ ), o3(7' ) are the charge densities on S, Srand S;. In
general, it is difficult to find the solution of this equation, so that the three surfaces can be divided into elementary surfaces and
solved numerically. In the works (Das et al. 1995; Mehta et al. 2013; Das et al. 1997), the truncated cone was subdivided into sub-
cylinders, where the height /of the truncated cone is significantly larger than the radii R, R,of the top and bottom surfaces. In this
paper, R, is much larger than R, and %, so we divide the side surface of the truncated cone into sub annular sections instead of sub
cylindrical sections. The bottom surface of the truncated cone and the metal plate are also divided into sub annular sections.

Ay = (RyRyIIN, | L y= (Ry~RyIN,

Sub annular section

Fig. 2. Sub annular sections of the truncated cone

In Fig. 2, the method of dividing the side and the bottom surfaces of the truncated cone is shown. Let N represent the number of
radial divisions of S}, N,the number of radial divisions of S,, and/Ns;the number of radial divisions of S3, and the radial interval in
each section is A= (R,-R})/N}, Ay= (R-Rp)/NrandA; = R;3/N;. The height interval of the sub annular sections on the side surface of
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the truncated cone is A, = #/N;. The sub annular sections are further divided by the planes passing through the z-axis along the

circumferential direction. The angle between these planes is 2n/M. The surface Siis divided into M*N,elements, Spsurface into

MxNyelements and Sssurface into MXxNselements. The number of elements in S}, Sand Ssis plotted counterclockwise starting from
the innermost sub annular section as shown in Fig. 3.

Fig. 3. Element numbering

-If the considered element is on the side surface S|,

I, =(@n— 1/2) x A,

r
m=1,2,...,N, . =

Fig. 4. Shape of the element surface on the side of the truncated cone
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In the figure,
n, =R +mxA,

Fom mia = By + (m - %) XA,

Fim 1 =R +(m-1)xA,

h, =(m—lj><Ah
2

mzl, 2, ...,N]

-If the considered element is on the surface S,,

ry, =R, +mxA,
Vom mid =R, +(m—%j><A2
Fom 1 =R, +(m—-1)xA,

m=1, 2,...,N,
-If the considered element is on the surface S,

Py = MXA,

B mia = (m _%j XA,

Py 1 = (m=1)x A,

mzl, 2, ...,N3

2

3
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To determine the location of the element, the position angle as well as radius must be given. Let the angle between the radial
vector of the center point of the element and the x-axis represent the position angle 6,,.

mth element

Fig. 5. Position angle of element surface

According to the numbering method of elements, the position angle and radius of the m™ element of the /™ surfacehave the
relationship off,,= 6: andr,,=riwhen m=kM+¢, m=IM-n and h,,=h,on the surfacesS,.
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Here

i=1,2,3

m=1, 2, ..., MN;
=0,1, ..., N-1
&L,2,..0 .M
=1,2,...,N;
n=0,1,..., M-1

Based on the above dividing, we will calculate the charge distribution and capacitance between the truncated cone and the metal
plate by MoM using pulse basis function and point matching. The potentials on the side and bottom surfaces of the truncated cone
are given as V= V,=F and the potential /;0f the metal plate is 0. Eq. (1) can be expressed for any observation point located in S,
S, and S; as follows:

o1 o, (F)ds

s !
o Are, "’i rj‘

(6))

- ¢

7;, I; : Position vectors corresponding to observation and charge source points.
V. (I_”; ) : Potential of the observation point on surface S;

oy (7_”;') : Charge density at the charge source point on surfaces;

Then, ojcan be expressed in terms of pulse basis functionsas

MN,

O-j(fj): 20l J=123 ©
n=l

whereo;,is charge density on them™ element of the i surface. f,are the pulse functions given by

L eAs,

Jo= 0, eAs

The potential at the center of any element surface has the following form(Chakrabarty et al. 2002)
3 MN,
Vim = z Z O_jnlijmn (7)
J=1 n=l

Vims Vams Vm:Potential at the center of the m™ element surface in Sy, S, and S;

lyima: Potential at the center of m™ element of the /" surface due to a uniform charge density of unit amplitude over n™ element of
the /™surface.(i,j=1,2,3)

MN, MN, MN,
V = Zalnlllmn + ZGZnIIZVth + 203}1[13}’"" (8)
n=l1 n=l1 n=1
MN, MN, MN,
V = Zalnlﬂmn + Z 62n122mn + Z G3n123mn (9)
n=l1 n=l1 n=1
MN, MN, MN,
0 = Zo-lnl3lmn + Z 62/1132/71/1 + Za3nl33mn (10)
n=1 n=l1 n=1

Now, we need to find/;,,in detail. Let AS),, A S,, andAS;,represent the element areas of the n'™ element in S1, Sh,and S5
As, = —(r.2 - r,.jil)izl,zg (11)

The definition ofr;, in surfaces S, S, and S; refer to Egs.(2)-(4), respectively.
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For surfaces S, S, andS;, if m=n, i.e., the center of the source element is the observation point, the element can be approximated
as a rectangle as shown in Fig. 6. Then we have

1 m?nimid/M A1/2

_ [ ] dxdy  _
. 47g, iy g/ M A 12 x* + y2
AY [ tom AY [ A
2y + in_mid + in_mid 2 + in_mid + 2 i:1, 2, 3 (12)
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Fig.7. Considered m™ and n™ element surface

In the case of m#n, the angle between the m™ and n™ element surfaces is

m n

0=6,-6 :2—”(m—n)

(13)
M
And the potential at the center of m™ element produced by unit charge density of n"element on the surface S;is
— 1 ASln _ 1 ASln 14
W A, 7, — 7 |_47u9 2 2 2 (1
0 ["lm 1 0 \/rlm_mid + rln_mid - 2rlm_midr1n_mid cos 0 + (hm - hn)
If m*n on the surfacesS,,
1A, 1 As,,
2 A 1%, — 7, C4ze, [ 2 (55
0 1"2m 2n 0 \/r2m7mid + animid - 2r2m7midr2n7mid cosé
And if m#*n on the surface Ss,
1 As,, 1 As,,
l33mn = — — = ( 1 6)
dre |I" -7 dre 2 + 2 -2 cosd
0 1"3m 3n 0 r3m7mid r3n7mid r3m7midr3n7mid

Likewise, we can find that
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472.‘90 |r3m - r2n

dns, [ 2 >
0 r3m7mid +r2n7mid 2r3m7midr2n7mid Cosa+d

Expressing Eqs.(8)-(10)in matrix form,

[11 1mn ] [IIZmn ] [Zl3mn ] [O-ln ] [V
[IZImn] [IZZmn] [lz3mn] [GZn ] = [V] (23)

[Z3lmn ] [l3zmn] [133mn ] [O-Zn ] [O]

Substituting Eqs.(14)—(22) into Eq. (23) and multiplying the right-hand side of Eq. (23) by the inverse matrix of [/;;,,] yields [o;,].
Then, the charge and capacitance can be found as follows:

Q MN; MN, 1
C:;:(zalnmln + ZG2nASZnJ'; (24)
n=l n=1

The charge distributions calculated using MATLAB 16.0a for d=0.1mm, 0.5mm, Imm and 2mm are shown in Fig. 8 where V=5V,
Ry=3mm, R=8mm, R,=20mm, #=10mm, R;=2m, M=120, N;=16, N,=16, N;=40.
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Fig.8. Radial charge distribution in the truncated cone

As can be seen from the figure, the calculatedresults show well the axial symmetry of the charge distribution around the z-axis of
the truncated cone. It is also found that the charge at the corner areas is concentrated and as the distance d gets smaller, the charge
at the intersection of the side and bottom of the truncated cone is much greater than at the other corners. Based on the charge
distribution, the capacitance between the truncated cone and the metal plate is found by Eq. (24) as shown in table 1.

The distance d is increased at 0.1mm intervals starting from d=1mm.

Table 1. Capacity value (unit pF) with distance d

d,mm 1.0 1.1 1.2 1.3 14 1.5 1.6 1.7 1.8 1.9 2.0
C, pF 4.833 4.692 4.566 4452 4.349 4.254 4.167 4.087 4.013 3.944 3.843

From the calculated values of the table, it can be seen that the capacitance increases as the distance ddecreases. To verify the
accuracy of the calculated values, experiments are carried out in the next section and compared with the experimental values.

EXPERIMENTS AND DISCUSSION

The experimental setup is shown in Fig. 9. The dimensions of the truncated cone and metal plate are the same as in Section 2.

LCR
meter

Metal Truncated
plate cone

Fig.9. Experimental setup

In the experiment, the truncated cone was fixed to the movable rod with a fine-tuning screw, the metal plate was placed on the
support, and the distance between the truncated cone and the metal plate was adjusted to Imm. The capacitance value was
measured, gradually increasing the distance. The distance d is increased at 0.1mm intervals starting from d=1mm. The capacitance
values were measured with a LCR meter (U1731C, Malaysia, Agilent Technologies, resolution 0.01pF) and an electronic caliper
(China, NingBo Industrial Tool Co., Ltd., resolution 0.01mm). The distance between the truncated cone and metal plate varies
from 1mm to 2mm for V'= 5.0V, R,=8mm, R, =20mm, R, = 3mm and h = 10mm.
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Table 2. Measured and calculated values with distance

CoF d,mm 1.0 1.1 1.2 1.3 1.4 15 1.6 1.7 1.8 1.9 2.0
Cnea 478 4.66 4.55 443 434 425 4.16 4.08 4.01 3.94 3.84
(measured)
Cea 4833 | 4692 | 4566 | 4452 | 4349 | 4254 | 4.167 | 4087 | 4013 | 3944 | 3.879
(computed)

B measured value
5.0 5 A caleuated value

4.8 <

456 "
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Fig.10. Experimental and calculated capacitance

The average relative error calculated from Table 2 is 0.24%. As can be seen from Tables 2 and Fig. 10, the measured and
calculated values have a very good agreement. Thus, it is quite reasonable to estimate the capacitance of the system consisting of a
truncated cone and a metal plate by the method of moments. The error between the calculated and measured values is attributed to
the approximation method used when calculating the potential generated by the element at the observation point, instrument error,
measurement environment, etc. if the element area is divided into finer or the distance between the truncated cone and the metal
plate is much larger than the element surface, the result will be more accurate.

CONCLUSION

We have presented a method to evaluate the capacitance and charge distribution between the hollow metallic truncated cone and
the metal plate using the method of moments in this paper. The accuracy of this method was verified by comparing the calculated
and experimental values for a fixed value of //R, ratio, R,/R| ratio and R}/R, ratio. In the future, we are going to further investigate
the change characteristics of the capacitance and the error for differenth/R; ratio, Ry/R; ratio and R/R,.
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